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Precalculus with Trigonometry
Lesson: May 8th, 2020

Objective/Learning Target:
Students will solve Trigonometric Equations using identities.



Before we start, review the following identities.

Pythagorean Identities
sin?0 + cos?0 =1
1+ tan® 8 = sec? 0
1+ cot? 0 = csc? 6

Reciprocal Identities

1 1 1

sin 6 = cosf = tand =
cscé secl cot &
v 1 1
cSC 6 - sec £ cot & =
sin & cos tan &

Quotient Identities

Sum and Difference Identities

sin(a+b)=sinacosb +cos asinb
sin(a—b)=sinacosb—cosasinb
cos(a+b):cosacosb—sinasinb

cos(a—b) =cosacosb+sinasinb

tana+tanb

tan(a+b)= l-tanatanb

tana—tanb

tan(a—b)=
(a ) l+tanatanb
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tan ( -
()
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Half-Angle Identities

A
cos(—) =it
2
A
sin[—j +
2

sin 6
tanf =—
cos &

cosd
cotf = —

sin 6

1-cos 4

(SN ST Y

tan (

N
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sin 4

Double-Angle Identities

cos(24) =cos’ 4 —sin” 4
cos(24) =1-2sin* 4
cos(24)=2cos’ 4 -1

sin(24) = 2sin 4 cos 4
2tan 4

tan(24) = -
) 1-tan” 4




Let’s Get Started:

Watch the video below to see how to solve trig equations using identities.

Watch Video: Solving Trig Equations Using Identities



https://www.youtube.com/watch?v=zBS2R_C1LgA

Tips
Do NOT divide by one of the trig functions. You will likely lose at least

one solution.

Make sure the inputs in each trig function match. For instance sin(x)
and sin(2x) have different inputs. You need to make them match. In
this case change sin(2x) by using the double angle identity.

Make the trig functions match if possible. For instance if you have a
cosine and a secant in your equation, rewrite the secant as 1/cos.

Notice when you have a quadratic. If one of your terms is squared,
you are likely going to need to factor.



Example #1:

Solve cot x cos? x = 2 cot x.

Solution

Begin by rewriting the equation so that all terms are collected on one side of the
equation.

cot x cosZx = 2 cot x Write original equation.
2 _ , . .
cotxcos“x — 2cotx =0 Subtract 2 cot x from each side.
cot x(cos?x —2) =0 Factor.

By setting each of these factors equal to zero, you obtain

cotx =0 and cos2x—2=0
T 5
X COS~x: =2
2
cos x = i\/i.

The equation cot x = 0 has the solution x = 7r/2 [in the interval (0, 77)]. No solution is
obtained for cos x = + /2 because + /2 are outside the range of the cosine function.
Because cot x has a period of 7, the general form of the solution is obtained by adding
multiples of 7 to x = 7/2, to get

T
X = 5 + nw General solution

where n is an integer. You can confirm this graphically by sketching the graph of

y = cot x cos?x — 2 cotx, as shown in Figure 5.8. From the graph you can see that the

x-intercepts occur at —37/2, —a/2, w/2, 37/2, and so on. These x-intercepts

correspond to the solutions of cot x cos> x — 2 cot x = 0.



Example #2:

Solve 2sin?2x + 3cosx — 3 = 0.

Solution

This equation contains both sine and cosine functions. You can rewrite the equation so
that it has only cosine functions by using the identity sin> x = 1 — cos? x.

2sin2x +3cosx—3=0 Write original equation.
2(1 — cos2x) + 3cosx—3 =0 Pythagorean identity
2cos2x —3cosx+1=0 Multiply each side by — 1.
(2cosx — 1)(cosx—1) =0 Factor.

Set each factor equal to zero to find the solutions in the interval [0, 27).

— ] . T 577
2cosx — 1:=:() P cosx=— » x==,=
. 2 : 3" 3
— '_\\
cosx—1=0 P cosx=1 P x=0

&7

Because cos x has a period of 27, the general form of the solution is obtained by adding
multiples of 27 to get

T T ,
xX=2nm x= g + 2nw, x= ? + 2nawr General solution

where n is an integer.



Example #3:

Find all solutions of cos x + 1 = sin x in the interval [0, 2).

Solution

It is not clear how to rewrite this equation in terms of a single trigonometric function.
Notice what happens when you square each side of the equation.

cosx+ 1 =sinx

cos?x + 2cosx + 1 = sin?

X
cos?x + 2cosx+1=1— cos
cos?x + cos’?x+2cosx+1—1=0
2cos?x +2cosx =0
2cosx(cosx +1) =0

Setting each factor equal to zero produces

2

2cosx =10 and cosx+1=0
cosx =10 cosx'=
T 3
X= =  di—
2" 2

X

1.

Write original equation.
Square each side.
Pythagorean identity
Rewrite equation.
Combine like terms.

Factor.

Because you squared the original equation, check for extraneous solutions.

Check x = 72
T . T
cos;+l=sm;
Q1=
Check x = 37/2
3ar 2 s 37
cos 5 + 1 = sin 5
0+1+#-1
Check x = =
f,
cosm+ 1 =sinw
—1+1=0

Substitute 7r/2 for x.

Solution checks. /

Substitute 37r/2 for x.

Solution does not check.

Substitute 7 for x.

Solution checks. /



Example #4:

Solve 2cos3tr— 1 =0.

Solution
2cos3t—1=0 Write original equation.
2cos 3t =1 Add 1 to each side.
cos 3t = — Divide each side by 2.

2

In the interval [0, 27), you know that 3t = 7r/3 and 3t = 577/3 are the only solutions,
s0, in general, you have

Sw

T
3t = 3 + 2nar and 3t = 3 + 2nqr.
Dividing these results by 3, you obtain the general solution
L 2nr P : S 2nw s ad
= an A seneral solution
9 3 9 3 .

where n is an integer.



Solve sec2x — 2tanx = 4.

Example #5: Sdliiton
sec2x — 2tanx = 4 Wrile original equation.
1 +tan’x —2tanx —4 =10 Pythagorean identity
tan2x — 2tanx —3 =0 Combine like terms.
(tanx — 3)(tanx + 1) =0 Faclor.

Setting each factor equal to zero, you obtain two solutions in the interval (— /2, 7/2).
[Recall that the range of the inverse tangent function is (— 7/2, 7/2).]

tanx—3=0 and tanx+ 1 =0
tanx = 3 tanx = — 1
T
X = arctan 3 x=—Z

Finally, because tan x has a period of 71, you obtain the general solution by adding
multiples of 7

T
x = arctan 3 + nr and e = Z + nr General solution

where n is an integer. You can use a calculator to approximate the value of arctan 3.



Solve 2 cos x + sin 2x = 0.

Example #6:
Solution

Begin by rewriting the equation so that it involves functions of x (rather than 2x). Then
factor and solve.

2cosx +smm2x =0 Write original equation.
2cosx + 2sinxcosx =0 Double-angle formula
2cosx(1 + sinx) =0 Factor.
2cosx=0 and 1+ sinx=0 Sel factors equal to zero.
T 3 3
X = xX=— Solutions in [0, 27)

79 2
So, the general solution is

x=g+2n7r and ,x=%i—r+2nw

where n is an integer. Try verifying these solutions graphically.



Practice

On a separate piece of paper, solve the following equations keeping in mind the identities and
techniques covered in the last several lessons.

1. 2cosx+1-—sin?x =3

2. COSZY=CosXx

3. 3cosx+2=5secx



Practice - ANSWERS

On a separate piece of paper, solve the following equations keeping in mind the identities and
techniques covered in the last several lessons.

Watch the following video for worked out solutions for each of the problems below.
video: 6.4 Solving Trigonometric Equations Using ldentities

Skip to the times below for solutions.

036 1. 2cosx+1—sin?x=3

313 2. COS2X = COSX

*** Please note a mistake on problem 3.
It does not affect the final answer,

6:57 3. 3cosx+ 2 = 5 SECX  however one of his factors should have
been (3cos x + 5) NOT (3cos x - 5).



https://www.youtube.com/watch?v=1xKo1Bqgv38

Additional Resource Videos:
Solving Trigonometric Equations Using Identities and Substitution

Solving Trigonometric Equations Using Identities, Multiple Angles, By
Factoring, General Solution

Additional Practice:
Trig Equations with Factoring & Fundamental Identities

The link above has a key, but the following link as worked out solutions: Answer Key - Worked Out Solutions

Equations and Multiple-Angle Identities

Problems 1-8



https://www.youtube.com/watch?v=bRYIOJo8sDU
https://www.youtube.com/watch?v=VMAMARmmDac
https://www.youtube.com/watch?v=VMAMARmmDac
https://cdn.kutasoftware.com/Worksheets/Precalc/04%20-%20Trig%20Equations%20w%20Factoring%20%2B%20Fundamental%20Identities.pdf
http://images.pcmac.org/SiSFiles/Schools/CT/NorthHavenSchools/NorthHavenHigh/Uploads/DocumentsSubCategories/Documents/Kuta_equations_key.pdf
https://cdn.kutasoftware.com/Worksheets/Precalc/04%20-%20Equations%20and%20Multiple-Angle%20Identities.pdf

